The generalized plane strain thermopiezoelectric deformations of laminated thick plates are analyzed using the Eshelby-Stroh formalism. The laminated plate consists of homogeneous laminae of arbitrary thicknesses. The three-dimensional equations of linear anisotropic thermopiezoelectricity simplified to the case of generalized plane strain deformations are exactly satisfied at every point in the body. The analytical solution is in terms of an infinite series. The continuity conditions at the interfaces and boundary conditions at the top and bottom surfaces and edges are used to determine coefficients in the series. The formulation admits different thermal, electrical, and mechanical boundary conditions at the edges of each lamina and is applicable to thick and thin laminated plates. Laminated plates containing piezoelectric laminae poled either in the thickness direction or in the axial direction are analyzed, and results are presented for plates with edges either rigidly clamped, simply supported, or traction-free.
exhibit the piezoelectric effect, 10 also show the pyroelectric effect, i.e., a temperature change produces an electric potential in the material. It is also observed that a piezocomposite comprised of piezoceramic inclusions embedded in an elastic matrix exhibits pyroelectric effect even when none of the constituents are pyroelectric; for example, see Dunn [1] and Jiang and Batra [2] .
Thermal effects greatly influence the performance of piezoelectric actuators and sensors, especially when they are required to operate in severe temperature environments. The governing equations of a thermopiezoelectric material -where the mechanical, electrical, and thermal fields are coupled -have been derived by Mindlin [3] . General theorems of thermopiezoelectricity are given in Nowacki [4] and Iesan [5] . Huang and Batra [6] and Yang [7] developed equations governing deformations of piezothermoviscoelectric materials.
Tauchert [8] and Jonnalagadda et al. [9] developed plate theories for thermopiezoelectric laminated plates. Finite element studies of thermopiezoelectric laminated structures have been carried out by Rao and Sunar [10] and Tzou and Ye [11] . Tang et al. [12] assessed the accuracy of various thermopiezoelectric plate models. Lee and Saravanos [13] developed a coupled, layerwise theory to analyze the thermopiezoelectric behavior of composite structures. Ishihara and Noda [14] studied thermopiezoelectric laminates including the effects of transverse shear deformation and coupling. Due to the coupling of the mechanical, electrical, and thermal fields and its inherent anisotropy, the analysis of thermopiezoelectric materials is a challenging task and relatively few analytical solutions to the threedimensional governing equations are available in the literature. They are mainly confined to orthorhombic thermopiezoelectric plates whose edges are simply supported. Analytical solutions to the cylindrical bending of simply supported laminated plates were provided by Dube et al. [15, 16] , Kapuria et al. [17] , and Shang et al. [18] . Xu et al. [19] and Tang and Xu [20] obtained an analytical solution to the coupled three-dimensional thermopiezoelectricity equations for laminated rectangular plates. A three-dimensional transient analysis of thermopiezoelectric composite plates was carried out by Ootao and Tanigawa [21] . Cheng and Batra [22] used a three-dimensional asymptotic scheme to analyze thermopiezoelectric laminates. Ashida and Tauchert [23] derived solutions for circular thermopiezoelectric plates having arbitrary edge conditions using potential functions. Yang and Batra [24] analyzed the damping introduced by heat conduction in steady-state vibrations of a thermopiezoelectric plate. A review of the recent developments in thermopiezoelectricity with relevance to smart structures was presented by Tauchert et al. [25] .
The Eshelby-Stroh formalism [26] [27] [28] provides exact solutions of governing equations of anisotropic elasticity under generalized plane strain deformations in terms of analytic functions. Vel and Batra [29, 30] expressed the analytic functions in the form of an infinite series to study the generalized plane strain deformations of laminated piezoelectric and thermoelastic plates subjected to arbitrary boundary conditions. Here, the method is extended to thermopiezoelectric problems. The mechanical equilibrium, charge equilibrium, and steady-state heat conduction equations are exactly satisfied at every point in the domain, and various constants in the general solution are determined from the boundary conditions at the bound-ing surfaces and continuity conditions at the interfaces between adjoining laminae. This results in an infinite system of linear equations in infinitely many unknowns. By retaining a large number of terms in the series, the solution can be computed to any desired degree of accuracy. The formulation admits different mechanical, electrical, and thermal boundary conditions at the edges of each lamina and is applicable to thick and thin laminated plates. The procedure is illustrated by computing results for the generalized plane strain deformation of thick laminated plates containing either thickness poled or axially poled piezoelectric laminae.
FORMULATION OF THE PROBLEM
We use a rectangular Cartesian coordinate system, shown in Figure 1 , to describe the infinitesimal quasi-static deformations of a thermopiezoelectric laminate occupying the region ½0; L 1 Â ðÀ1; 1Þ Â ½L describe the lower bounding surface, the horizontal interfaces between adjoining laminae, and the top bounding surface.
The equilibrium equations in the absence of body forces, free charges, and heat sources are [31] 
where s ij is the Cauchy stress tensor, D i the electric displacement vector, and q i the heat flux vector. A comma followed by index j indicates partial differentiation with respect to the position x j of a material particle, and a repeated index implies summation over the range of the index. The constitutive equations of a linear thermopiezoelectric medium are [31] 
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where E kl is the infinitesimal strain tensor, E k the electric field vector, T the temperature rise of a material particle from that in the stress-free reference configuration, C ijkl the isothermal elastic moduli, e kij the piezoelectric coefficients, b ij the stress-temperature coefficients, e ik the permittivities, r i the pyroelectric coefficients, and k ij the thermal conductivities. We will interchangeably use the direct and the indicial notation. The infinitesimal strain tensor and the electric field vector are related to the mechanical displacement vector u k and the electric potential f by
The material constants are assumed to satisfy the following symmetries:
Furthermore, the elasticity tensor, the permittivity tensor, and the thermal conductivity tensor are assumed to be positive definite. In the most general case, there are 21 independent elastic moduli, 18 independent piezoelectric coefficients, 6 independent permittivities, 6 independent stress-temperature coefficients, 3 independent pyroelectric coefficients, and 6 independent thermal conductivities. On the edges x 1 ¼ 0; L 1 and on the top and the bottom surfaces x 3 ¼ 0; L 3 , the displacement or traction components, and the electric potential or the normal component of the electric displacement are specified as By appropriately choosing m ðsÞ ; r ðsÞ ;m m ðsÞ , andr r ðsÞ in these equations, various thermal boundary conditions corresponding to a prescribed temperature, a prescribed heat flux, or exposure to an ambient temperature through a boundary conductance can be specified.
The interface continuity conditions on the material surface x 3 ¼ H ðnÞ between adjoining laminae may be specified as follows:
i . We assume that the two adjoining laminae are perfectly bonded together. Thus, at their common interface, the displacements, surface tractions, electric potential, the normal component of the electric displacement, the temperature, and the normal component of the heat flux vector between the adjoining laminae are taken to be continuous. That is,
Here ½½u denotes the jump in the value of u across an interface. ii. If the surface x 3 ¼ H ðnÞ is an electroded interface between two adjoining layers, then the electric potential on this surface is a known function gðx 1 Þ while the normal component of the electric displacement need not be continuous across the interface, that is,
Since the applied loads are independent of x 2 , the body is of infinite extent in the x 2 -direction, and material properties are uniform, we postulate that the displacement vector u; the electric potential f, and the temperature change T are functions of x 1 and x 3 only. Thus deformations of the laminate correspond to a generalized plane state of deformation.
SOLUTION OF THE PROBLEM
We extend the Eshelby-Stroh [26, 27] formalism as described by Ting [28] to obtain a general solution of Eqs. (1) and (2) . Boundary conditions (5) and (6) , and interface conditions (7) or (8), will be used to find constants in the general solution. We construct a local coordinate system x 
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A General Solution
In deriving a general solution of Eqs. (1) and (2) for the nth lamina, we drop the superscript n for convenience, it being understood that all material properties and variables belong to this lamina. Assume that
where
f and g are arbitrary analytic functions of their arguments, and a; c; p, and t are possible complex constants to be determined. Substituting Eqs. (9) and (3) into Eq. (2) and the result into Eq. (1) gives
Àe 11
Àe 13
The eigenvalue t depends on the components of the thermal conductivity tensor and satisfies the quadratic equation (10) 3 . Since k ij is positive definite, t obtained by solving Eq. (10) 3 cannot be real [28, 32] . We denote the root with positive imaginary part by t and its complex conjugate by t t. The eigenvalues p and their associated eigenvectors a are obtained by solving the eigenvalue problem (10) 1 . Since C jmqr and e jm are positive definite, p cannot be real [28, 33] . Therefore, there are four pairs of complex conjugates for p. Let
The vector c associated with the thermal eigenvalue t is obtained by solving the system of equations (10) 2 . If the eigenvalues p a and t are distinct, a general solution of Eqs. (1) and (2) obtained by superposing solutions of the form (9) is
where f a ða ¼ 1; 2; . . . ; 8Þ, g 1 and g 2 are arbitrary analytic functions, z a ¼ x 1 þ p a x 3 , and g 0 ðzÞ ¼ dgðzÞ=dz. Substituting Eq. (13) into Eq. (2) yields
The general solution (13) and (14) is applicable when (i) there exist four independent eigenvectors a a even when the eigenvalues p a ða ¼ 1; . . . ; 4Þ are not distinct and (ii) either t is not equal to one of the p's or if t ¼ p, then Eq. (10) 2 can be solved for c. Materials that do not satisfy these conditions are degenerate thermopiezoelectric materials. Wu [34] and Yang et al. [35] described the procedure by which the general solution for degenerate materials can be constructed. Consider a degenerate material for which p 1 ¼ p 2 6 ¼ p 3 6 ¼ p 4 , t 6 ¼ p a , and there is only one eigenvector a 1 associated with the double root p 1 . A second independent solution associated with the eigenvalue p 1 is
Here da 1 =dp 1 is obtained by differentiating Eq. (10) 1 ,
Dempsey and Sinclair [36] proved the existence of a nontrivial solution for a 1 and da 1 =dp 1 of Eqs. (10) 1 and (16). Therefore, the general solution is 
A Series Solution
Even though Eq. (13) satisfies the equilibrium equations (1) for any analytic functions f a ; g 1 , and g 2 , a choice based on the geometry of the problem and boundary conditions can reduce the algebraic work involved. We select for the nth lamina
where 0 
The functions expðZ ma z a Þ in Eq. (18) vary sinusoidally on the surface x 1 ¼ 0 of the nth lamina and decay exponentially in the x 1 -direction. With increasing m, higher harmonics are introduced on the surface x 1 ¼ 0 accompanied by steeper exponential decay in the x 1 -direction. Similarly, functions expðZ ma ðl À z a ÞÞ; expðl ka z a Þ, and expðl ka ðp a h À z a ÞÞ vary sinusoidally on surfaces x 1 ¼ L 1 , x 3 ¼ 0, and x 3 ¼ h, respectively. The inequality (12) 1 ensures that all functions decay exponentially toward the interior of the lamina. Equations (18) 2 and (20) 2 for f aþ4 ð z z a Þ and g 2 ð z z t Þ ensure that mechanical displacements, stresses, the electric potential, the electric displacement, the temperature change, and the heat flux are real valued.
The unknown coefficients v (18) and (20) into Eq. (13) results in the following expression for the mechanical displacement, the electric potential, and the temperature change for nondegenerate materials (18) and (20) into Eqs. (14) 1,2 are (18) and (20) into Eq. (14) 3 is Since the heat conduction problem is uncoupled from the mechanical problem, we first determine the temperature field by imposing the thermal boundary conditions on the four bounding surfaces of the laminate and the continuity of temperature and the heat flux across interfaces between adjoining laminae. On the top surface x 3 ¼ L ðNþ1Þ 3 of the laminate, we extend the component functions defined over ð0; L 1 Þ in Eq. (22) 2 to the interval ðÀL 1 ; 0Þ in the x 1 -direction. The functions expðz k z t Þ and expðz k ðth À z t ÞÞ that are sinusoidal in the x 1 -direction are extended without modification since they form the basis functions on this surface, except for expðz 0 z t Þ and expðz 0 ðth À z t ÞÞ that are extended as even functions since they represent the constant terms in the Fourier series representation. The functions expðx m z t Þ and expðx m ðl À z t ÞÞ are extended as even functions since they vary exponentially in the x 1 -direction. We multiply Eq. (6) 2 for s ¼ 3 by expð jpix 1 =L 1 Þ and integrate the result with respect to
; j ¼ 1; 2; 3; . . .Þ
The same procedure is used to enforce the thermal boundary conditions (6) for the bottom surface, the edges, and the interface thermal continuity conditions (7) 5, 6 . Substituting for T and q into Eq. (26) and the other equations that enforce the thermal boundary and interface continuity conditions results in a nonstandard infinite set of The solution (22) indicates that the component functions decrease exponentially from the boundary=interfaces into the interior of the nth lamina. By truncating the series, we have effectively ignored coefficients with suffices greater than a particular value and approximated coefficients of the remaining terms in the series. Due to the rapid decay of component functions associated with large suffices, the truncation of the series will not greatly influence the solution at the interior points. A larger value of K is expected to give a more accurate solution at points close to the boundary and interfaces. Note that the coefficients v m are multiplied by Z mÃ . However, the coefficients of these terms in the expressions (22) 1 for displacements are unity. Since l kÃ and Z mÃ increase as the suffices k and m increase, the terms with large suffices are more significant for the stresses than for the displacements. Thus, the stresses will converge more slowly than the displacements. After coefficients have been determined by satisfying the boundary and the interface conditions, displacements, the electric potential, stresses, the electric displacement, the temperature, and the heat flux at any point can be obtained from Eqs. (22)- (25) .
RESULTS AND DISCUSSION
We present results for hybrid laminates with each lamina made of either graphite=epoxy (Gr=Ep) or PZT-5A. The principal material axis of the Gr=Ep lamina is assumed to be in the x 1 -x 2 plane and inclined at an angle c to the x 1 -axis. The nonzero values of material properties for the Gr=Ep are listed in Table 1 for c ¼ 0 , 90 , and AE45 . We consider two types of piezoelectric actuators, namely thickness poled PZT-5A and axially poled PZT-5A. Thickness poled piezoelectric materials are poled in the x 3 -direction and their primary mode of actuation is by extension=contraction in the x 1 -x 2 plane when subjected to an electric field in the thickness direction. Thickness poled piezoelectric materials are the most common type used as sensors and actuators. Axially poled piezoelectric materials are poled in the x 1 -direction, and their primary mode of actuation is by transverse shear strain in the x 1 -x 3 plane when it is subjected to an electric field in the thickness direction. This is the lesser known shear mode that has been studied by Borieseiko et al. [37] , Zhang and Sun [38] , Benjeddou et al. [39] , Vel and Batra [40, 41] , and Batra and Geng [42] . Different piezoceramic constants are effective in the extension and shear mode piezoceramic plates; their nonzero material parameters are given in Table 1 . The material properties of the axially poled PZT-5A were obtained by a tensor transformation of the material properties given by Xu et al. [19] for thickness poled PZT-5A. In this section, we denote the thickness of the plate by H, its length by L, and the length-to-thickness ratio L/H by S.
Validation of the Approach
The solution procedure is validated by comparing our results with the exact results given by Dube et al. [15] for a simply supported cadmium selenide plate that is exposed to an ambient temperature on the top surface through a boundary conductance. The geometry, material properties, applied loads, and normalization of the results are the same as those employed by Dube et al. [15] . Values computed using K ¼ 500 terms are given in Table 2 for a thick plate with length-to-thickness ratio S ¼ 2 and for a thin plate with S ¼ 20. Results for displacements, stresses, the electric potential, the electric displacements, and the temperature change are essentially identical to those obtained by Dube et al. [15] .
Thickness Poled Piezoelectric Materials
We analyze plates made of either homogeneous thickness poled PZT-5A or laminated plates consisting of Gr=Ep and PZT-5A laminae. The edges x 1 ¼ 0 and L are either clamped (u 1 ¼ u 2 ¼ u 3 ¼ 0) or traction-free (s 11 ¼ s 12 ¼ s 13 ¼ 0) or simply supported (s 11 ¼ s 12 ¼ 0; u 3 ¼ 0). For laminates with thickness poled piezoelectric materials we study the effect of thermal loads only since a three-dimensional solution for mechanical and electrical loads has already been given by Vel and Batra [29] . For the linear problem considered here, results for combined mechanical, electrical, and thermal loads can be obtained by the superposition of results for each of the three loads.
The top and bottom surfaces of the piezoelectric layer are electroded; the bottom surface is maintained at the reference temperature and free of traction, that is, Tðx 1 ; 0Þ ¼ 0, and s 3 ðx 1 ; 0Þ ¼ s 3 ðx 1 ; HÞ ¼ 0. The top surface x 3 ¼ H is subjected to the sinusoidal temperature change
The edges x 1 ¼ 0; L are electrically grounded (f ¼ 0) and maintained at the reference temperature (T ¼ 0). The mechanical displacements, stresses, electric displacements, the electric potential, and the temperature change are nondimensionalized as 
where C 0 ¼ 99:201 GPa, e 0 ¼ 7:209 CÁm À2 , and a 0 ¼ 1:
Homogeneous plates. The first example concerns a homogeneous PZT-5A plate poled in the thickness direction. The plate is clamped at x 1 ¼ 0 and simply supported at x 1 ¼ L. The top and bottom surfaces are electrically grounded. The effect of truncation of series on the solution is investigated for a thick clamped simply supported laminate. Table 3 shows that the values of the normalized mechanical displacements, stresses, the electric potential, the electric displacement, and the temperature have converged to at least four significant digits with K ¼ 500 terms, while reasonable accuracy may be obtained with 100 terms. Although k 0 in Eqs. (19) and (21) was chosen to be 0.5 for this study, a similar convergence behavior was observed for other values of k 0 . All results in the tables and plots to follow are obtained by retaining 500 terms in the series solution.
The longitudinal variation of the transverse deflection, the electric potential, the transverse shear stress, and the transverse normal stress is shown in Figure 2 for three different length-to-thickness ratios of the clamped simply supported plate subjected to the thermal load. Steep gradients in the transverse shear and normal stresses at x 1 ¼ 0, shown in Figures 2(c, d) , are due to the well-known boundary layer effects at the clamped edge, which is absent at the simply supported edge. It is observed that the axial width of the boundary layer region is inversely proportional to the aspect ratio S of the plate. Figure 3 shows on four cross-sections, the throughthe-thickness variation of the axial displacement, longitudinal stress, transverse shear stress, and transverse normal stress for S ¼ 4. The axial displacement u u 1 has an almost linear variation in the thickness direction, except within the boundary layer. The transverse shear stress s s 13 takes on the classic parabolic distribution at the midspan location and near the simply supported edge. However, within the boundary layer region at x 1 =L ¼ 0:01, the transverse shear stress s s 13 has steep gradients at the top and bottom surfaces; the maximum value occurs at x 3 ' 0:05H and 0:95H, while the minimum transverse shear stress occurs at the midsurface. The magnitude of the transverse normal stress s s 33 within the boundary layer region Table 3 Convergence study for a homogeneous thickness poled PZT-5A clamped simply supported plate subjected to the thermal load, S ¼ 5 is significantly larger than that at any other region of the plate. The transverse normal stress at x 1 =L ¼ 0:01 also has steep gradients at the top and bottom surfaces; its magnitude is largest at x 3 ' 0:1H and 0:9H and equals nearly 30% of the magnitude of the longitudinal stress there.
Results for a clamped-free homogeneous PZT-5A plate poled in the thickness direction and subjected to the thermal load are presented in Figure 4 . The longitudinal variation of the transverse shear and normal stresses on three horizontal planes is depicted in Figures 4(a, b) . It is observed that the transverse normal stress is largest at the clamped edge. Sharp gradients near the clamped and free edges in the distribution of the normal stress are indicative of the boundary layer effects near these edges. The electric potential has a parabolic profile in the thickness direction as shown in Figure 4 (c). It suggests that a plate theory should have at least quadratic terms in the expansion for the electric potential in the thickness direction. Throughthe-thickness variations of the transverse shear stress at x 1 =L ¼ 0:05; 0:1; 0:3; and 0:9 are given in Figure 4(d) . Numerical results at specific locations for clamped simply supported plates for length-to-thickness ratios S ¼ 4; 8, and 12 are given in Table 4 . Gr=Ep, extension PZT-5A] laminate. The Gr=Ep laminae are of thicknesses 0:4H, and the PZT-5A lamina is of thickness 0:2H: The top and bottom surfaces of the PZT-5A lamina are electroded and electrically grounded, and the laminae are assumed to be perfectly bonded to each other. As in the case of the homogeneous piezoelectric plate studied earlier, the top and bottom surfaces are free of external traction. Through-the-thickness variations of the axial and transverse displacements, electric potential, and transverse shear stresses for a clamped simply supported multilayer plate with S ¼ 4 are presented in Figure 5 for the thermal load applied to the top surface. As is evident from Figures 5(a, b) , the continuity of the displacements at the interfaces x 3 =H ¼ 0:4 and 0.8 between adjoining laminae are satisfied very well. The transverse elongation, which is the difference between the transverse displacements of the corresponding points on the top and bottom surfaces shown in Figure 5 (b), is significant due to the thermal load. Since our analysis is based on three-dimensional thermopiezoelectricity, it is able to capture the thickness distention of the laminate, unlike many plate theories that neglect this effect. The total electric potential, which is the sum of the electric potential due to the thermal deformation and the pyroelectric effect has a parabolic through-the-thickness profile in the PZT. The transverse shear stress, depicted in Figure 5(d) , is seen to be largest either at the interface between the Gr=Ep laminae or the interface between the Gr=Ep and the PZT.
Next, consider an angle-ply multilayered laminate that also consists of three layers with the bottom and middle layers made of Gr=Ep and a PZT-5A top layer, except that the fibers are oriented at 45 and À45 to the x 1 -axis in the bottom and middle layers, respectively, to form a [45 Gr=Ep, À45 Gr=Ep, extension PZT-5A] laminate. The boundary conditions are identical to the cross-ply laminate studied earlier. Through-the-thickness profiles of the displacement and stress components are given in Figure 6 for the thermal load. As expected, the nondimensionalized longitudinal stress s s 11 is discontinuous at the interfaces between the laminae due to the abrupt change in material properties. However, the transverse shear stresses s s 13 and s s 23 , shown in Figures 6ðc; d) , are continuous at points on the interfaces. 
The mechanical displacements, stresses, electric displacements, electric potential, and temperature change are nondimensionalized aŝ Figure 7 . Through-the-thickness distribution of (a) longitudinal stress, (b) transverse shear stress, (c) transverse normal stress, and (d) transverse electric displacement for a homogeneous axially poled PZT-5A clamped simply supported plate for the thermal load and length-to-thickness ratio S ¼ 4:
for the electrical load. The nondimensionalization parameters C 0 and e 0 are the same as those used earlier for the thickness poled piezoelectric materials. Figure 7 evinces the through-the-thickness variation of the stresses and the longitudinal electric displacement for a clamped simply supported thick plate with S ¼ 4 and subjected to the thermal load. The longitudinal stress is a nonlinear function of x 3 , especially in regions adjoining the clamped edge. The transverse shear stress profile is not parabolic at sections near the clamped edge due to the boundary layer effect there. The through-the-thickness variation of the transverse electric displacement D D 3 is shown in Figure 7 (d) at four locations along the span of the plate. The transverse shear and normal stresses for the electric load are shown in Figure 8 . It is evident from Figure 8ða ; b) that there are steep gradients in the stresses at the clamped edges. The transverse normal stress is intense within the boundary layer x 1 < 0:25L and essentially negligible at other locations. The through-the-thickness profile of the transverse shear stress is parabolic at the midspan and near the simply supported edge but deviates noticeably from the parabolic profile near the clamped edge. Figure 8 . Longitudinal variation of (a) transverse shear stress, and (b) transverse normal stress, and through-the-thickness variation of (c) transverse shear stress, and (d) transverse normal stress for a homogeneous axially poled PZT-5A clamped simply supported plate for the electric load and length-tothickness ratio S ¼ 4:
PLANE STRAIN ANALYSIS OF MULTILAYERED PLATES
Hybrid laminated plates. A plate consisting of three layers with the bottom layer made of 0 Gr=Ep, the middle layer made of axially poled PZT-5A, and the top layer made of 90
Gr=Ep is considered next. Each Gr=Ep layer has thickness 0:4H and the PZT-5A layer is of thickness 0:2H: The top and bottom surfaces of the sandwiched PZT-5A layer are electrically grounded. The edges are free of electric charge and maintained at the reference temperature. Results for a simply supported plate that is subjected to the thermal load (28) are presented in Figure  9 for length-to-thickness ratios S ¼ 4; 8, and 10: The axial displacement profile in the thickness direction is a nonlinear function of x 3 for thick plates, but it approaches an affine function for thin plates. The through-the-thickness variation of the transverse deflection is depicted in Figure 9ðb ). The transverse deflection is constant in the thickness direction for thin plates, but there is significant thickness distention for thick plates. The longitudinal stress, shown in Figure 9ðc) , is a piecewise affine function of the thickness coordinate for both thick and thin plates. 
